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Abstract
Least squares adjustment and collocation rnethods have in the last decade been
the tool for extracting gravity field information from date obtained through space research
techniques (satellite Orbit tracking, altimeter observations, doppler determined podtions),
and when combining these data with date observed at the surface of the Earth.
The methernatical framework for the two models is described and the models
are compared. I t is shown that the two methods only become equivalent in cases where
the number of parameters are equal to the number of obeervationr
I t is pointed out that several arbitrary choices (of parameters, weights and
norms) will have to be made before the methods can be applied, and that further
investigations are needed in order to justify the specific choicer
1. I n t r o d u c t i o n

A knowledge of the gravity potential of the Earth is required in order to solve
problems in navigation, geodesy, oceanography and solid earth physics (see Mather
(1974-1977), Holland er el., (1976)).
Earlier it was envisaged that the gravity potential could be determined as a
solution to a certain boundary value problem for the Laplace operator. The boundary
values ware the gravity anomalies, for which a global coverage were required.
But also other quantities give information about the graviW potential, namely
astronomical latitude and longitude (which give the direction of the graviW vector) and
the gravity gradients. Further types of quantities became available by the advent of the
artificial satellites. These quantities were (and is) obtained by satellite tracking or by
remote sensing techniques. Satellites equipped with grediometers will make further types
of observations available. And we should not forget, that geopotential heights, obtained
by levelling, in combination with cartesian coordinates (determined e.g.'by dopl~ler
techniques) in itself is information about the gravity potential.
It is the purpose of this paper to discuss two currently applied methods for the
handling of this heterogeneous dataset. In Section 2 we describe the basic characteristics
of the mathematical framework within which the gravity potential can be considered. We
discuss in Section 3 least squares adjustment methods, in Section 4 the minimum norm
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collocation method and in Section 5 the least squares collocation method. This method is
a collocation method where the norm has been selected so that a least square condition is
fulfilled, Finally in Section 6 we describe some of the applications of the methods and
discuss some of the problems associated with the application of the methods.
The paper does not contain any new results. However, a number of papers
published during the last years have revealed that the relationship between the collocation
and the adjustment methods was not fully understood. I have therefore thought it timely
to try to synthesise the present viewpoints, combined with a description of the use of the
two methods in an area very important to geodesy.
It has only bean possible to make this "synthesis", because I had the opportunity
to participate in some clarifying discussions which took place at the recent Ramsau
Summerschool (2' International Summerschool in the Mountains, Ramsau, Austria,
23 A u g u s t - 2 September, 1978). Thanks to all (lecturers and students) who took part
in these discussions.
2. The Mathematical Model for the Gravity Field

The gravity potential, W, is the sum of the gravitational potential, V , and the
rotational potential. Let us suppose that we have adopted a certain reference potential,
U , which rotational part is equal to that of W and which contains the influence of all
masses outside the surface of the Earth (the atmosphere, the moon, the sun, etc.). Then
T = W - U is celled the anomalous potential and it is a harmonic function outside the
surface of the ~ r t h . Let us denote the set of harmonicity by ~ . Points in ~ (or in R z )
will be denoted P , Q , with spherical coordinates (~ ,X , r ) , (~0', X' , r ' ) , respectively'.
(~0 = geocentric latitude, X = longitude and r = distance from the origin).
The anomalous potential will be an element of a linear vector space of functions
harmonic in ~ , H ( ~ ) . The vector space may be equipped with inner products, ( , ) ,
which will have corresponding norms, II II. (We wilt distinguish between different
inner products or norms by a subscript). The elements of H ( ~ ) for which a norm is
finite will form a so--called Hilbert space. The spaces will be infinite dimensional, but
separable, i.e. a countable basis exists. (We have to put some small restrictions on ~, and
not all norms will do).
The anomalous potential will be an element of such a space, for example with
norm given by

,,T,,'o

T(P)=d~

[

(2.1a)

rl

or

1 /

(T(p)2 +(VT)2)dQ,

(2.1b)

Q

where V T is the gradient of T .
In Hilbert spaces any element may be represented by its expansion with respect
to a complete, orthonormal system. Had ~ been the set outside a sphere with radius R
we would have
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(R)i ~ ~ij($in~)['~ijcosjX+~ijsinjX]

T(p)=G_.M_M ;
r

i=0

r

j

'

(2.2)

o

where GM is equal to the product of the gravitational constant and the massof the Earth,
Pij are the fully normalized associated Legendre polynomials and Cij ,Sij are the
coefficients of the series. The orthonormal base is, using II lie or II l i t , given by
(2.1a, b), formed by the functions

1
kij

r

( R ) i p-ij(~n~ )
r

lo., I

(2.3)

sinjX

where kij is a normalization factor.
The set of solid spherical harmonics (2.3) will be a complete (but not generally
orthonormal) base in all so--called regular Hilbert spaces, which are subspacesof H (,Q,).
The anomalous potential may therefore be approximated arbitrarily well by a finite linear
combination of these solid spherical harmonics, i.e. for all e > 0 thereexistsan integer
P
t
N , and a set of constants C i j , S i j , so that
N

~

i

liT(P)- • GM (R)i =~e P"ij(sin~p)iCljc~
i=o

r

r

j

<

e.

12.41

The set of functions (2.3) are not the only set of "reasonable" functions which
form a complete basis, and which therefore may be useful when determining
approximations to T . Other sets are potentials produced by point masses,surface layers
or Stokes function with one point held fixed9 The quantities corresponding to the
"potential coefficients" will then be the values of a set of point masses, ~arface densities
or gravity anomalies, respectively. (Such bases have been considered e.g. by Ba]mino
(1971, 1974), Koch (1968), Arnold (19681).
9 Corresponding to a Hilbert space, H , there exist another Hilbert space called
the dual space, H * . This space consists of the continuous linear functionals which are
mappings from H to the real numbers. These linear functionals are extremely important
because an observed quantity generally is or will have to be expressed as the value of a
linear functional applied on an element of the Hilbert space A point gravity anomaly is
for example equal to
(-~rlp-2evp)T=-aTr

"~"rr,Pl - 2 T ( p ) = A g ' r

where eVp is the evaluation functional in the point P, and T may be considered an
element of a Hilbert space with the norm II I I o , cf9 eq. (2.1a).
A wide range of Hilbert spaces of harmonic functions will have a reproducing
kernel9 Such a kernel, K (P, Q) is a mapping from ~ x ~ to the real numbers. It will,
for either P or Q fixed, be an element of the Hilbert space and it will have the
reproducing property
(K(P,Q),

T(P)) = T(Q), P,Q e ~.
201

(2.5)

C.C. TSCHERNING

This kernel may for ~, being the set outside a sphere and for certain types of
inner products be computed explicitly by closed expressions. It is the existence of this
reproducing kernel which makes it possible to apply the method of collocation in
practice, cf. Section 4.
This above described functional analytic model has a statistical counterpart.
Here the anomalous potential is related to a stochastic or random process. The process
may be formed by a basic set of stochastic or random variables Xp : H (~,) -, R , which
as outcome has the value of a harmonic function in a point, P. A linear vector space
may be formed by taking the set of all finite linear combinations of these random
variables. This space is equipped with an inner product, namely defined as being equal to
the covariance of two random variables. This space may be completed and (the dual to) a
Hilbert space with reproducing kernel is formed, the reproducing kernel being equal to
the covariance function of the basic random variables, coy ( X p , X Q ) = K ( P , Q ) .
The basis for forming this stochastic process is the adoption of a joint
probability distribution for the random variables. This distribution will have to be
prescribed e.g. by supposing the random variables to be Gaussian distributed with mean
value zero and covarianca given through a positive definite function of Q x Q -* R .
This function must be harmonic in each of its variables, because the elements of the
sample space are harmonic functions. It is questionable whether it is possible to estimate
the probabilistic properties, because we for example have no possibility for repeating our
observations at another Earth. See Lauritzen (1973) for a clarification of this point.
Further details about the functional analytic and the stochastic model can be
found in Krarup (1969), Meissl (1975, 1976), Moritz (1970, 1972, 1973), Lauritzen
(1973), Grafarend (1976), DermcnJs (1976) and Tscherning (1977, 1977a).
3. Least Squares Adjustment

It is (to a good approximation) possible to express the relationship between T
and observed quantities (which only depend on I') in the form of linear functionals
( L i ) applied on 1",
Li(T)+n

i

where m i is the measured quantity, L i ( T )

= m i,

(3.1)

is the "true" quantity and n i is the

measurement error, (noise). In case we suppose that the measurements only depend on
e.g. the low order potential coefficients or a finite set of mean surface density values eq.
(3.1) may be written
N
j=i

Here sj ,j = 1 . . . . .

B i j s:j + n i = m i .

(3.2)

N are potential coefficients or density values and Bij are constants,

e.g. equal to the values of the linear functionals applied on a specific solid spherical
harmonic.
In case the
k = I,...,

observed quantities

also depend on other parameters X k ,

M (e.g. tracking station coordinates or transformation parameters) we have
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M

N

k = t AikX k + j =]~l Bij s j + n i = m i '

(3.3)

where Aik are constants relating the observations to the parameters, see e.g. Schwarz
(1976b). (Note, that even if a specific kind of parameters have been selected, the
parameters are not necessarily unique (potential coefficients may be normalized in
different ways) ).
Having an apriori knowledge of the statistical characteristics of the noise, the eq.
(3.3) is whet is required for a least squares adjustment, presupposed the number of
observations exceeds the number of parameters N + M. The least squares condition to
be fulfilled is

{ ni}T {Pij }-t {nj} = rain,

(3.4)

where { Pij } 'is the variance-covariance matrix of the noise or error quantities.
As a result of the adjustment, parameters ~'i and Xk are obtained, and we have
,D

thereby got an estimate T of the anomalous potential,
N

u

= z

(3.s)

j=1

where Y j , j = 1 , . . . , N generally are harmonic functions (solid spherical harmonics,
potentials of unit point masses,surface densities, spline functions or similar functions).
It is well--known from approximation theory, that an estimated function may
happen to oscillate very much in between data--points. A remedy against this is the
requirement that the (weighted) squaresum of the parameters plus the left hand side of
eq. (3.4) becomes a minimum,
N
j-----I

M

PiS~ + T. qkXk 2 + { n i } T { P l j j - ] l n j }
k=l

= rain.

(3.6)

A solution to this minimum problem can be found in Schwarz (1976) or Wolf (1977).
Note, that instead of weights Pi and q i ' weight-matrices could have been used and
that we now also may consider "under-determined" adjustment problems, i.e. N + M
greather than or equal to the number of observations.
N

The quantities

~ Pi s/ and

i=l

M

9

k=l

qk X k 2 are examples of norms in a finite

(N) dimensional space of harmonic functions and a finite (M) dimensional space of real
number& The application of eq. (3.6) in an adjustment procedure should therefore be
denoted a combined least squares and minimum norm ad/us~nen~
It is worth noting, that adjustment procedures are not limited to "global"
problems. In many cases it is possible to find a linear independent set of harmonic
functions well suited for representing local information. Such a set may be potentials
generated by unit point masses situated near the surface of the Earth, potentials
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generated by surface density layers or, as we shall see in Section 4, harmonic functions
obtained by applying a linear functional on a reproducing kernel.
4. Collocation
Let us to a start suppose that our observed quantities may be expressed as linear
functionals L i applied on T and that they have no errors,
Li(T)

= m i.

(4.1)

Methods for the determination of an approximation "T to T which agrees with
the observations, i.e.
L i (T) = m i

(4.2)

are denoted collocation methods. It is natural to require that T has some of the same
properties as have T , namely that it is harmonic in ~ and that it has the same degree
of smoothness as T . This can be expressed by requiring T to be an element of a Hilbert
space ( H ) of harmonic functions. When this space has a reproducing kernel ( K ( P , Q) )
and the functionals L i are elements of the dual space H * , a unique solution to the
approximation problem may be constructed. The uniqueness is obtained by requiring T
to have the minimum norm in between all elements of H which fulfil eq. (4.2), The
approximation is given by
M

T(P) = 9
i=l

aiL iK(P,.)

(4.3)

where the constants a i are determined by

ILiLjK(.,.)I lail

=

{mj]

(4.4)

A condition for solution is that the matrix I L i Lj K ( . , -) } is regular, or
equivalently that the linear functionals are linearly independent.
When the dimension of H is finite, N , equal to the number of observations, a
solution to the collocation problem may be found simply by solving a set of linear
equations

ILi(fj)l

{ajl = Imil

where then
N

"T (P) = ~ aifi"
i--i
The set fi must be a basis for H . For a special selection of data points and functions
fi the matrix ~L i ( f j ) } becomes the unit matrix, and we have the sampling function
approach of Giacaglia and LundquJst (1972). It is well known, that the approximation
T (P) will depend strongly on the d=mension, N .
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Let us again regard the situation where a unique solution is obtained due to the
condition of minimum norm. Here absolute error bounds may be computed for T when
T e H and II T II is kRown. For the numerical difference between the true value L (T)
and the computed value L ( ' T ) an inequality will hold (cf. T=:hernJng (1977)) 9
)L(T)-L(T)I
I LLj
(The

~ IITII(LLK(.,.)-{LLiK(.,.)ITILiLjK(.,.)}

K (-,

-t

1__
.) } )=

(4.5)

quantities L i Lj K (- , . ) , L i K ( . , P ) , L L K ( . ,

.) are

what

in a statistical

framework would be called the covariance between the measured quantities m i ,mj ,the
covariance between m i and the value of T in the point P, the covarianca of L(T),
respectively. So the eq. (4.3) - (4.5) have there well-known counter--parts in the theory
of estimation or prediction).
The main problem will naturally be the computation of the quantities
L i Lj K ( . , .), L i K ( P , Q) etc. Here it has in actual applications been necessary to work
with Hilbert spaces of functions harmonic down to a sphere totally enclosed in the Earth.
(This sphere is the so-called Bjerhammar sphere). This gives a good possibility for
choosing reproducing kernels well suited for numerical calculations. Unfortunately T
will not be an element of such spaces, so the inequality (4.5) can not be used. On the
other hand the term on the right hand side (with II T II equal to a constant) has anyway
proved to be useful when it is interpreted as a standard deviation, of. Tscherning (1975).
When the observations contain errors we may instead of minimizing the norm of
T minimize
;~l

lITll

= + X 2 l n i IT I P i j } - = I n j } .

(4.6)

This will lead to a representation of ~ as given by eq. (4.3), but the coefficients
of the normal equations will be
'

Pij I.

(4.7)

From this it is clear that the estimate "T will depend on X l , X 2, as well as on
the inner product (or norm), because the inner product determines the reproducing
kernel.
If we finally will have to use an observation similar to eq. (3.3), i.e.
M
k=l

A k i X k + L 1( T ) + n i = m i ,

(4.8)

we are back to a problem which is very similar to the combined least squares-minimum
norm adjustment problem discussed in Section 3. The minimum condition to be fulfilled
now is
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M
)`t I I T I I 2

+

k=l

qkX~

+ X z l a i IT { P i j } - I {nj} =

rain

,

(4.9)

which contain M + 2 arbitrary constants : Xt , X 2 ,qt . . . . . qM ' The solution is for
Xl = )-2 = I , q l = q= = . . . .

qM = 0 given in for example Moritz (1972).

This similarity between collocation and least squares adjustment methods has
caused much confusion. Several reports and papers have been devoted to clearing up the
clouds, see Moritz (1970a), Krakiwsky (1975), Wolf (1974, 1977), Koch (1977), Balmino
(1977) and Rummel (1976a). In Grafarend (1977) a general scheme for the classification
of different adjustment and collocation "setups" have been given.
The presentation of the two methods given here seems in all main points to
agree with Rummel (1976a).
5. Least Squares Collocation

It is obvious that both in the combined least squares--minimum norm adjustment
model and in the (minimum norm) collocation model the choice of a suitable norm is
extremely important. Besides the purely mathematically defined norms (cf, eq. (2.1a),
(2.1 b) ), another choice is possible which in a certain sense assures an optimal interpolation
and prediction property.
Let us write eq. (4.3) as

"T(p) = {LiK(P,.)} T I L I L j K ( . , . ) I - ' I m j }
N
=

~

j=l

bj mj

(5.1)

with
{ bj} = [ L i L j K ( - , - )

}- ~ {LiK(P,-)}.

(5.2)

Then we see that the computed approximative value of T (P), namely T (P), is
determined as a linear combination of the observed quantities. Suppose we require that the
minimum value of the mean value of the squared approximation error, (T (P) - ' T ( P ) ) 2 ,
taken over the surface of the Earth. (where the observation points move as well), is
attained. Then it can be proved, cf. HeLdcanen and Moritz (1967, Chp. 7), that the
reproducing kernel to be used is the so-called empirical covariance function. In order to
achieve this conclusion we will have to work in spherical approximation. This has as its
consequence that the series development of T as given by eq. (2.2) is convergent down
to the surface of the Earth (which is approximated by a mean Earth sphere with radius R).
Then
E(P,Q)

==

= cov(P,Q) = ~ oi
i=o

with
206
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2

i
(5.4)

Pi equal to the i't~ Legendre polynomial and ~ equal to the spherical

distance

between P and Q .
This reproducing kernel or empirical covariance function will implicitly define a
norm in a Hilbert space (see Tscherning (1977)), which unfortunately does not have T
itself as an element, i.e. maximal error-bounds can "not be given. However, mean square
errors may be computed. They will have to be interpreted as mean square errors in a n o n probabilistic sense, namely as mean values taken over all observation-point configurations
which may be created by rotating the Earth about its canter.
As it can be seen from eq. (5.3) and eq. (5.4) T must in principle be known
before the reproducing kernel can be found. This problem has in practice been overcome
by describing the variation of o i for i -~ =~ by a few parameters, which then may be
estimated, see TschernLng and Rapp (1974), Moritz (1976, 1977) or Jordan (1978~.
6. Application of Collocation and Least Squares Adjustment
We should now be able to define what we understand by a collocation method
and a least squares adjustment method :

Collocation is a method for the determination of a point in a linear vector sPace
with an inner product (preferably a reproducing kernel Hilbert space), where the use of
error-free observations will give a solution which agrees exactly with the observed
quantities.
A/east squares adjustment method is a method for the determination of a point
( f ) in a finite dimensional linear vector sPace with an inner product, so that
k t II f l l 2 + X 2 I n i l T t P i j l - i I n j } = min,
cf. Section 3.
The two methods may be equivalent when the vector spaces have a dimension
equal to the number of observations.
Using these definitions we see that no true least squares adjustment procedures
can be applied when dealing with gravity potential dependent data, because the "point",
T , we want to determine is an element of an infinite dimensional sPace.
Hence when we anyway want to use least squares adjustment, we are faced with
the difficult task of selecting an appropriate finite dimensional subspace. We also know,
that our results will depend on this choice (see e.g. Reigber and Ilk (1976)). The choice
of different subsPaces may also be one of the main reasons for the strange differences
which are observed between different combined determinations of potential coefficients,
Earth parameters and tracking station coordinates (see eg. MuelIer (1974, Fig. 4 and 5) ).
When using collocation we have the equally difficult task of choosing an
appropriate norm, and thereby a reproducing kernel. However, it seems that the use of
the empirical covariance function (cf. Section 5) is a reasonable choice. Thus, the
mentioned fact, that the anoma!ous potential not is an element of the corresponding
Hilbert space may cause difficulties when big numbers of observations are used.
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A big number of observations will in all applications of collocation cause
problems because the normal equation matrix {L i Lj K ( . , .) } generally will be a full
matrix. This problem may to a certain extend be overcome by separating the observations
in groups, see Moritz (1973) and Tscherning (1974). When the number of observations
increase so that a regular grid of observations may be formed, the use of integral formulae
may be a bett.,~r choice, cf. e.g. Rapp (1977a).
Least squares adjustment has been applied extensively for the determination of
station coordinates and parameters describing the long wavelength-part of the gravity
potential, see Kaula (1966), Rapp (1969), and more recently G~oschkLq (1974), Koch
(1974), Smith e t aL (1976), Baknino e t al. (1976) and Wagner e t al. (1976). Combined
least squares and minimum norm adjustment has been used for potential coefficient
determination by Rapp (1973, 1973a). Rapp has more recently (Rapp (1975, t977a) )
preferred to use collocation for the prediction of a global set of gravity anomalies and
then compute potential coefficients by integration over the global dataset.
However, the determined station coordinates and potential coefficients are more
different than what should have been expected from the claimed accuracies. These
differences are clearly seen when comparing geoidal heights, obtained from doppler
determined cartesian coordinates (in the WGS 72 coordinate system) and heights above
sea level, with geoidal heights computed using the potential coefficients obtained e.g. by
Gaposchkin (1974) or Wagner e t al. (1976).
The combined adjustment method has also been applied for the determination of
zonal harmonics and resonant terms, see Moritz and Schwarz (1973), Schwarz (1974,
1974a, 1975, 1975a, 1976, 1976b) and Reigber and [E (1976). These investigations show
clearly the problems of the adjustment technique.
In several investigations the main goal has not been the determination of "long
wavelength" information, but for example mean gravity anomalies, see Reed (1973),
GopaIapillaJ (1974), Hajel~ (1974), Lelsemarm (1976), Rapp (1974, 1976, 1977),
Rummel ( 1975, 1976), Ru~mel e t al. (1976), Rummel and Rapp (1977), Schwarz (1977)
and Smith (1974). Here the collocation method may be better suited than the adjustment
technique because either a "down-ward continuation" or differentiation is needed and
oscillations could be expected. This problem has been given much consideration in
Rummel e t al. (1976).
Let us finally mention that both least squares and collocation methods may be
useful for constructing local approximations to the gravity potential using altimeter data,
geoid heights (from doppler determined positions) or gradiometers installed in an aircraft,
contingently in combination with observations of surface gravity and deflections of the
vertical, see e.g. Benning (1976), Brown (1974), Groten (1974), Le]gemann (1977),
Moritz (1974, 1974a, 1975), Rapp and Rumme] (1975), Schwarz (1976a, 1977). Using
adjustment methods this requires the use of parameters able to represent high frequency
inforrfi~tion, and using collocation so--called local empirical covariance functions may be
needed, see Tscheming (1974, 1976).
7. Conclusion
The two methods, collocation and least squares adjustment, are both very useful
for the handling of the very heterogeneous dataset which space research techniques have
made available. Thus it seems that the differences between different solutions need to be
cleared up.
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As pointed out earlier in the paper several choices will have to be made (of
parameters, weights and norms) before the two methods can be applied, It is therefore
recommended that the influence of these choices are investigated, so that the most
reliable gravity potential can be extracted from the available data.
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