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1. Introduction

In the following we will discuss the computation of the covar-
iances needed when the method of collocation is used to ex-—
tract gravity field information from a satellite to satellite
tracking (SST)-experiment. We will use the term “covariance'
synonymeous with "two linear functionals applied on a repro-

ducing kernel", i.e.
cov(Li(T),Lj(T)) = cov(Li,Lj) = LiLjK(P,Q), (1)

where K(P,Q) is the reproducing kernel, L., Lj are the two
linear functionals and P, Q are two points in R3. The spher-

ical coordinates of these two points will be denoted (rp, mp,

Ap),(rQ, g > AQ), respectively (r = distance from the origin,
¢ = (geocentric) latitude and A = longitude). With each point
P and Q we will alsc introduce a local orthonormal frame with
coordinates (x, y, z}, with zero point P, (x', y', z') with
zero point Q. The z-axis will point in the direction of the

radius vector, x will be North and vy East.

We will here only regard rotationally invariant (isotropic)
reproducing kernels. These kernels can then be expressed as
a Legendre series.
o 2.
_ R i+l
K(P,Q) = z Oi(r—“r—;—)
1=0 pQ

where R is the radius of the Bjerhammar-sphere, ¢ is the

Pi(cosw), (2)

gpherical distance between P and @, Pi are the Legendre polynomials

and o are positive constants, the so-called degree-variances. We also have



o0 o. 2 . 1.
R i+1 = . = .
K(P,Q) = = ) B.. B..
Q iéo 21+1 rprQ j§0 13(Slnmp) 13(Sln@Q)
(cos(jkp)cos(jAQ) + sin(jlp)sin(ij)), (3)

where ﬁij are the fully normalized associated Legendre poly-
nomials, cf. Heiskanen and Moritz (1867, eq. (1-77 a, b)).

The linear functionals which are of interest for SST are all
linear combinations of the following:

the evaluation functional
Lp(T) = T(P), ()
the radial derivative in P
L (T) = =2-(T) (5)
Z Brp

the derivative in northern direction

1 d
Ly (T = r_ 30 (T (6)
P b

the derivative in eastern direction

(T). (7)

- oA
rLe0S¢,, P

The most used linear combinations are the derivatives with respect to

cartesian coordinates, X, Y, Z. With

X = r cosyp cosA
= r sing sinA
= r sing
we have
3 0 . 1 9 . 9
S = C0os¢ COSA 3. - Sing cosh T 30 " sink T 505¢ DA

i

COSyp COSA Ié ~ sing cosh Lx ~ sinh I&



0 = cosyp sini C - J-Sin inA jl-+ coSA+ 1 2
3y = cose Sr T T ¢ S B s r cosp oA

cosyp sinA Lb - sing sini Lx + cosA+L

o . 0 1 3 .
37 = Sing 3+ cosp ;-55-3 sineg LZ + cose Lx'
Integration of %%, %%3 %%-along a satellite orbit give as result the

velocity change of the satellite due to the potential T. We will denote the

curve integral from a point a to a point b along a specific orbit by IZ. Then

b ,oT QT
Ia (§§J = ja gi-]P dsP =

b b, . b, .
Ia(cosm cosA LZT) - Ia(51nw cosh L T)- I_(sink LyT), (8)

b
b ,.aT oT
LS =£ 57 |p dsp =

b . b, . . b
Ia(cosw sinA LZT) - Ia(51nm sinA LXT) + Ia(cosk LyT)’ (9)

b
b 3T, _ [ 3T
LG =) 32 'p 9
=3
I°(sing L T) + I°(cosp L T) (10)
a. b a X

We will in the following suppose that the "true" orbit (or parts of the orbit)
in an Earth-fixed coordinate system has been approximated by (a part of) a
circle with centre in the mass center of the Earth., This will enable us to
perform a change of variables, so that the orbit is (a part of) a circle in
the equatorial plane, i.e. the arc-length s becomes egual to the longitude

times Ty Hence e.g.

b ,aT
L.Gx

I2(cosh L T) - T°(sink L T) (11a)
a Z a v

b . aT
Ia(gf)

]

Ib(sinh L T) + Ib(cosl L T) (11b)
a 2 a y

b, aT
.Gz

fl

b
Ia(LxT). (11¢)
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2. The linear functionals applied on the reproducing kernel

of a finite dimenstional subspace

We will suppose that the point P has spherical coordinates
(rp =T, e = 0, Ap = A). The (new)} coordinates of Q@ will
again be denoted (rQ, Q> AQ). Expressions for the function-
als eq. (4) - (7) applied on different K(P,Q) can be found
in Tscherning (1976}). The functionals were applied on closed
expressions representing infinite series like eq. (2). The
derived expressions contained 1ogarithmidlterms for which
the curve integralils eq. (8) - (10) can not be expressed ana-
lytically. As an alternative, the corresponding infinite
series may be cut off at a certain degree I and this finite
series can then be integrated term by term. Mathematically
this corresponds to that we operate in a finite dimensional

Hilbert space. (Dimension equal to (I + 1)2).

We must therefore be able to apply the functionals on the

single terms occurring in eq. (3). We put

COS A
b,

. Ryn+1
Vnmcp) - (F) sin mi

an(sin@) {

cos(n-1)a _ cos(n+1)r

b
; . - 1
SC(n) .,[; sinni- cosh di = [ - oAy 2@+1) -\b n )
= ;(sinzij n ="
- a
=0 n=2~0
a5 ( )_Yb. N ‘Adh—[ﬂnmﬁﬂk ﬂn@+ﬂk1b N
n) = ! 51 nAr S1IL = S(n=1) - 2(n+1) a
b
=4[ -~ sini cost ) n =1
a
=0
b b n)

j cosnh cosh dA =[

sin{n+1)A  sin{n-1)A ]

CC(n) 2(ns1y 2@y a n=0

a

b
= % [ cosh sinh + A ) n =1
a



b
. cos{1-n)a  cos(n-1)r P noy 1
cs(n) = [ cosnA sinA dA = [— 5(1—n) = TS ]a n =0
b
=%[cosa7t] n=1.
a
Then

cosh T V - Hil.(ggn+1 P (0) {cosk-c?smh (12a)

Z nm T r am cosA. sin mA
sinh LV = . 2L Byl g 4y (sink cosmhy (12b)

7z nm T T nm sinik sinmA

17 (R\n+1 9§ = cosmi

I&ynm = ;-(;J 56'an(0) {sinum.} (13)
cosh LV = 1-(EJH+1 P (0) {-cosl sin(mh)»m} (1ha)

yom  r r cosh cos(mi ). m

Yyom r 'r nn sinA cos{mA).m
b R.n+1 o CC{m)
I (coshLV )= -(n+1)(2) P (0 {SC(m)} (15a)
b, . R\n+1= CcS(m) .
I (simL V) = -(n+1)() p_(0) {SS(m)} (15b)
b _ (Ryn+1 3 o ~-sinmiy+ sinmh
Ia(Lanm) - (r) m o an(O) { cosnmb- cosmhz} (16)
b R.n+1 = -m SC{m)
Ia(cosh vanm) = (;J an(O) { m Colm) } (17a)
b, . R.n+1 2 -m 88(m)
1 (sink LyVnm) = (3:‘) an(o) { m CS(m) } (170)

. . ' . coshy (L ; . .
Expressions like Lx(vnm(Q)) Vab( {sinh} {LZ} Vnm(P)) can then easily be written
down combining eq. (12) - (17).Difficultied will first arrive when we want to
compute guantities like IS(Vnm(Q))'Ig(Vnm(P)), where ¢ and d are points on a
second orbit, cf. Figure 1. This.is because the arc-length of the orbit from c¢ to

will not be related in a simple way toe the coordinates wQ and A, of the points

Q
Q of the orbit. We may, however, perform a change of the system of spherical

coordinates so that the "Q-orbit" lies in the new equatorial plane. Fortunately
the sclid spherical harmonics Vnm(Q) will be transformed into a linear combina-~

tion of spherical harmonics of the same degree, n. We have



Figure 1. Two circular orbits projected on the unit-

sphere,
with the P-orbit being the Equator-circle.

n
th(rQ’¢Q’AQ) = miinvnm(rQ,O,hé)knm (18)

where the constants knm are given in e.g. Aardoom (1969).

Using eq. (18) and eq. (15) -{17) we can evaluate

If( { ;gi; }{ %; }V_(@)and Ig(vanm(Q)).

Hence we are able to compute the value of the linear functionals applied

on reproducing kernels of finite dimensional subspaces, i.e., Sele

Iz(cosprx(Ig(sinAQL' (KI(P,Q))))) =

¥opqp

Iz(cosprkVnm(P))'IS (sinAQ‘L;Vnm(Q)). (19)



3. The linear functionals applied on a simple reproducing

kernel

In a few cases it is possible to perform the operations di-
rectly on a reproducing kernel, which can be expressed by a
closed formula. We will here go through a simple example,
where all the degree-variances 0, are equal to a constant,
(here put equal to one). The kernel we will regard is the
one suggested by Krarup (1969, eq. (101)),

r.r

' o 2 .
K(P,Q) = § ( R )l+1 Pi(cosw) = s/ Vs -2st+1, (20)
i=zo "P°Q

where s = Ra/(er rQ) and t = cosy. This kernel may seem rather special. But
linear combinations of such kernels with different values of R may be used for
the approximation of empirical covariance functions, cf. Jordan (1978). Let

us first apply the linear functionals eq. (4) - (7) on K(P,Q), with respect to

both P and Q. First we need some auxiliary quantities.

_9 N 3 - . 3
aI‘P(S) = rP S, arQ(S) = 5—65 (21)
—E—(t) = —g—(sinm sin + cos cosg, cos(i, =~ A.))
305 30, P ?Q p Pq ©OStAp Q

; (22)

= cosyp 81an - sincpP cosq:Q cos(AP - RQ)

? s _ :
gaa(t) = singg cost Cosep Slan cos()\P - AQ) {23)
—é—(t) = - cos Qos sin(is = AR) (24)
ahp “p o) P Q

3 _ .
57—(t) = cosep cost 51n(AP - AQ) (25)



We will now put

L = {(1-2st + 52)"1/2, (26)
hence
_ 8 . _ 85 8. _ _ s, _ 3
I%K__BPPK = BPP §EK = I1P(L s(s-t)L") (27)
= - gi(i—st)Ls
P
L'K = 9 x = - S¢q- 3
" arQK rQ(i st)L (28)
2
1 2K 1 3t 8K _ _ s° : _ 3
IwK’=COS¢PrP aAP - coseprp BAP 9t T rp COS@Q Sln(lP AQ>L ?
(29)
L'K =—_1 K s cos in(Ag=A ) Lo (30)
Y Tosegrg 3k, T Pp SRR ApTAR/L
2
1 P s ot ;. 3
LXK =F; _“(:(');K = rP 3(DPL . (31)
Pg-1 8, s> 3t 3 (32
X 7. Be-"  Ta d@.°°
Yo % Tq %%
2
e s 3 2 5
LL'K = K = [(1-2st)L” - (s-5°t)3(s-t)L"]
arPBPQ rPrQ
= —2 [1-5°1°-3(s-s%t) (s-0)L°], (33)
rpr
Q
. 2
' 1 9 S et 3 5
e ————K = - [~ sL"+3(1-st)sL
L LK 7 B‘DQBPP Tty B(QQ[ s ]
2
N SASCICESIA B (34)
P"Q Q
Control:
P 1 3 s at 3 2 5
(= K = = —— == {25L"-35"(s~t)L"]
arP r BwQ PPPQ BwQ
2
R %—{2L3—3L3~3(st—1)L5]),
PTQ Q



_.9_.

Z 2
' 1 ] s ot 3 5
LLE=— = - _
Lol = 7 awparQK o aszL 3(1-st)L], (35)
LL'k=__1 0 Oy =-_8 3t 1 [ 13.(1-5t)3sL%]
¥z PPCOS@P BAP BrQ PPPQ BAP Coswp
5 3 5
= - PPPQ cosqnQ szn(AP~AQ)[L -3(1-st)L"], (36)
L.L K = 1 9 0 ¥ = s’ cosg, sin{i,—A )[L3—3(1—st)L53
¥z chost BAQ BrP PPPQ P P "Q ?
(37)
2 2 2
L'LK =% 8k =8 [ 2F 3t 5.5y, 97t .3 (38)
X X rPrQ BwPBmQ TPPQ BwP BwQ 3mP3wQ
2 Z2
1 P} 1 23K 8 1 ot ot 5 9 T 3
L LK - L - r 3sL” + m—a—L"]
¥ x CosQpry BAP rQ BmQ rPrQ Cosop amQ BAP Blpan
(39)
hg o1 3 1 3K _ s° 1 (2t 2t 5, 3%t 3
¥ X costrQ BAQ Tp amp rPrQ cost amP BAQ aAQamP
(840)
LLK=oo 2 9 (1 3 4y - _S° [cos(ha-A)L3=sin? (A -1
¥y COSOpYy SAP cost rQ BAQ rPrQ : P "Q P 7Q
Cosep coscpQ 38L5] (41)

;gii} {Ez} K(P,Q))) or L'(IE(LXK(P,Q)))

where L' is one of the functionals givenlbyyeq.

t,. b
We are now able to evaluate L (Ia({

(4) - (7), evaluated in Q. Remember, that op = 0, r = ry. We

will also put s = A = KP - XQ and shift a and b correspond-

ingly (i.e. a := a + AQ and b := b + AQ). Hence
t = cost cos(kP—AQ) = cost cosA (42)
L = 1/(1-2s coseg cosl+52)1/2 (43)
_ _ . 2 _ 2 . 2
For X := 20 we have cos?a = 1-2 sin“a = cos“a - sin“o. So
L = (1-2s cost+52+Hs cost sinzot)—i/2
= (1-2s cosg +s2) 20142 sinzu)_l/z, (uyu)

Q
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where

ka = - Ls COS@Q/(1~28 cost+52). (45)
In the following we will frequently encounter integrals of sinmth, cosmAIP,
and we will therefore write some of these down, c¢f. Ryshik and Gradstein
(1957, section 2.47).

X

E(x,x) = | (1-k° sin®y)idy (46)
ko)

Fix,k) = ix(1-kzsin2y)_%dy (47)
‘O

(A fast algorithm for the evaluation of these integrals can be found in
Burlirsch (1965)). The values of these two integrals are used when evaluating
integrals of more complex quantities. These integrals will in the following be

denoted Eo’E1‘E2 etc.

We now put

2 2

k
k :1—k,k=1—-§_,k2=

k_
c 1 2,

.
(1-25 cosy +52)"% and p = cosh,

Q

e
it

then

T - kasin%I = k. + k,cosk
1 2
and
-%
L = ko(k1+kzcosk) .
Hence
b B 1
E = [ Ldy = 2 r k (1—kzsin%1)~?da
o . o)
a ry

2 kO(F(B,k) - rlo,k)). (48)
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From
k,cosh + k.-k
cosh- T = k COSsA ; _ ko 2 1% 1 -
(k1+k2005h) (k1+k2cosh) ko
-k [~ (e 4k cos?k)% k—ll (k. +k h)“% ] (49)
=k ! i, 5 ka 4k cos
we get
B k
E, = [‘b cosh TdA = 2k [1-{1*‘[ (’l—kzsinaa)’}d& - (’I k sin a) ?dd_l
"a © 2 2 'Q_;
k k1
=2 k—— (8(B,k)-Elv ,k))- — & (50)
2 2

Integrals which contain sinh are somewhat easier:

cosh)%]

=
1l

b
sinh LdA = rk (k +k2p) ?dp k [——-(k N
ko

a a

~?§-((k1{k2cosb)% - (k1+kzcosa)%) (51)

Furthermore

b
E. = | Loan = 2ko3 F (1—k25in%a)"3/2da
a o

2k ﬁ— (E(B k)-El ,k)) - ( ) (sinb(k1+k cosb)%—sina-(k +k cosa)%)] (52)

k 2 172
c

Using eq. (49) we have

B

") k B
4_ ] COSA LBdA = 2k3( r ﬁl(?ukzsinad)_%da - El‘r (1~k251n a)” 3/ZdCl’
'a' 2 2 ‘w
ko2 k1
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b
r

b
. ~3/2 2 -3
Eg = [‘ sinh Lodh = ; kOB(k,‘é-kap) 5/ dp = [ki(- (ke tk,p) ?]z
a a 2
2 ° 1 B
= —Ei—-((k1+k2cosa)"?— (k1+kzcosb) 7y . (54)
From eq. (49) we have -
217 = cosh-k 3[ 1 (e )y E k—" (k ,+k JL)"B/‘E"}
cOS = €05 o kZ 1+ 2008 - k2 1+ 2005
10T e e c0m)F - o (e akso0m ) E)
=kl ka ” 1tk,cos " 1+k,cos
2 2
k k
1,1 -3 ¥ -
TR (g(kq-kkacosh) 7 == (i #keyc08h) 3/2 ]
2
k K>
1
= ko3 L ;%-(k1+kacosl)2 -2 —%—(kq+kzcosk)% + —%{k1+k2cosh)"3/2] (55)
ko X2 k5
then
b, 5 K 2
E = I' cos A L7dA = —°—2— (E(B,x) - E(x,k))
‘a k
2
2
2 K Ky :
-2k0 1—{*—2—' EO + k'—2 E3 (56)
2 2
b b
E, = | sintcost L7dA =k > | plk,+k.p)™> 2dp
7 na Q va 1 2
b k, ob
3,27 -3 ar -3/2
=k (k2 (k,]+k2p) dp - i (k +k,p) dp
a 2 'a
=k "/ B, - k oy B (57)
T fo /M2 2T Mt s 5
b 2 2 sp Ky 2 (%) 2
By = r 1Pdr = 2k ° [' (1-k"sin a)'5/ dr = - -9--§E1+ ————7}5—1: B
o o o 3 " o3
o] C
- (iiﬂz-%(sinb(k1+kacosb)_B/E-Sina(kq—kzcosa)_3/2)k05. (58)
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12

13

1h

1

fl

)

It

- 1% -

b b
F cosh IPdA = k - (- [ {k, +k COS?\)_B/Ed?x - 1 r (k +k
. o k., . 172 K. 2
a 2 a 2° a

k Zh B - k. /k, E

o /72 73 172 78

b b

[ sinh rPan = k_’ [ (k1+k2p)“5/2dp

--a -.'a

5_1 -3/2 90 _ 5 -3/2
kogg[(k,‘-z-kacosh) / ]a = ko /(Bkz)((kq-!—kzcosb) 3/2

b k

2 2

ks

a ak2

+ 1«2,12/1{22 (k1+k cosA )_5/2)6.)&

cosA) 5/2d?k)

(59)

(k1+kacosa )_3/2) (60)

j cos 7\ IPan = K, 2 r (—— (k +k2cos;\) -2. — (k +k.cosh)” -3/2

2
4, 2
b h "
‘!‘ cosA sinA Lsd?\ = k05( r (}:— (k”|‘+k2p )"3/2_ Rl(k,]'i"kzp )—5/2 )dp
a a T2 2
K,/ By - K/ (62)
o] 25 Bt = B Yo

5 k

b
3 ol 2 ~3/2 1 2 -5/2
r cos™A L7dr =k ~ | (k_ cos Ak +k,cosA) - 3 cos ?x(k,]i—kacosh) ax

‘a ‘a 2 2

2
ke, /ky By - ko/ky By

b k
[‘ cosPasink Ioah = k 2 F (— (k +k2p) E—E—-—-(k +k; p) 3/2

2 aka 2

k/k-E—k Ek/k E+k/k

(63)

2

+--—(k +k2p) -5/2 )dp
ka

(64)
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Hence from eq. (27), (53) and (56)

b
L Ib(cosh L K(P,Q)) = ~rr [5(1—8 cosp cosh)l?coskldk
Qa Z o T Q

b .b
= -¢ F cosA LBGK - S5cos ¢y i cos2h del ] =
‘a Q‘é
= E 2 E
= - 8B + 5 coseg Eg
from eq. (27), (54), (52) and (56),
b ° 3
LQIa(sin?\ LZK(P,Q)) = - J s(1-scos gstinA)L sinA dr
a8
= -8 E5 + scos @Q(EB—E%)
from eq. (29), (51)
b N >
LQIa(cosl LyK(P,Q)) =1’} = cosh gx-K(P,Q)dA
a

b b
= [cosh-s-L ] + r sini-rs: Lo dA
a o4

-3 ~Ey, .
s(cosb(k1+k2cosb) —cosa(k1+k2cosa) Y+s E,

from eq. (29}, (50)

L P(ein I K@) =2 [ 1 inh - K(P,Q)dA
ola(sint I , = LT sinh = ,
b b
=[sink-s-L ] - s f (cosi- L)dx
a "

1 1
. -F ~-%
5(51nb(k1+kzcosb) -51na(k1+kacosa) Y-s E,

I}

from eg. (31), (52)

(65)

(66)

(67)

(68)
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b r® & 3 2
LQIa(LxK(P,Q)) =r . - simeL 6k = s"singy B, (69)

from eq. (33), (50), (53}, {(59), (61), (63)

b
El

L'Ib(cos?x LE(P,Q)) =7 J cosA [ =

7 a z r rQ
a

(L6717 (5=t (15" 4st) s JE2

- = (E,i—szEt;Bs(Eg-s - COS(pQ('l-sa}E,H + s coschQ E'IB)) (70)

ie)
from eq. (33), (51), (54), (60), (62), (64)

b

1 1°(sinh L K(P,Q))' =1 f‘ sinh [ == (1,-52L3-.3(sat(1.-52) + stz)L5s)]dA
Z a Z 'é. r I‘Q
2 2 ‘ 2
= _rs (EZ-S EBMBS(E,]O—(’FS )COSQ)Q' E12+scos (’OQE’M)) (71)

Q

from eq. (34), (53), (59), (61)

b 2 b
L'1°(cosh+ L K(P,Q)) = - 2~ sing r cosK(L3—3(1—st)L5)dA
X a b4 rQ Q -
= _%[EA—B(Eg—S cos (‘DQE‘H) ]-sin(pQ ' (72)

from eq. (34%), (54), (60), (62)

t-b 52 b 3 5
LXIa(sin;\ LZK(P,Q)) == sinch r sinA [L7-3(1-st )17 ]axr
Q a
2
= - % sime [E5—3(E,}0— s cos gy E,]z) ] (73}

from eq. (37), (57), (62), (64)

2 .,b
L;Iz(cos?t LZK(P,Q)) = j—QJ cosh sinA [L3—3(1-scosch COS?\)LBjd?\.
a
52
== (E,?“B(E,‘2 - 808 ¢ E1i+)) 7h)

3]
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from eq. (37), (52), (58}, (59}, (56), (61), (63)

2 ab

b, . _ 5 .2 3 >
LyIa(s:LnA LZK(P,Q)) = -——rQ .L sin“A [ L7-3(1-5 cos g cosi )L lar
52
= --rQ (E B(E g=s cos ¢y By E,)- E6+3(E1'%_5 c08 9y E13))

from eq. (36), (74), (75)

b r° 3 '
L'1%(cosh L_K(P,Q)) = - = | cosh sink cosp. [ I7-3(4-st )17 Jan
z a oy rQ s Q-
s2
= - cos(pQ-;g (E,7—3(E,]2 - 5005, E’M))

b
L'T(sim LK(P,Q)) == | sin cosy. [ 17-3(1-st)T° Jar
7" a v TQ ‘a Q
SZ
= - ;é"COS@Q(E B(E% 5 cost E9)— E6+3(E11" scoscpQ E13))
from eq. (39), (64)
L' (o LK, Q)) = £ [ (-si 2 inA - 3517 )dA
L Leos Y ZR1) = I'Q i —s:tnch cos coscpQ sink «3s
.
=~ 3 -i_-cg sin{pQ COS(‘PQ'E'IJ_{_
from eq. (39, (59), (63)
2 b
L;{Iz(sink LyK(P,Q)) = i—Q .L (—sianQ cosan sinzhcos}\-BsLS)dk
s’ ( )
- 31'—(;2 cosq;Q 81me E E 13

from eq. (41), (56), (59), (63), (57), (60)

(75)

(76)

(77)

(78)

(79)
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2 b
L!Ib(cosl L K(P,Q)) = = F cosA (cosh Lzmsinahcosw 33'L5)dh
ya ¥ Ty s Q
52
= ;é-(E6 - 38 cost(Eg—E13)) (80)
t_h 2 b 2 5
L T (sinkx L XK(P,Q)) = =~ F sinA (cosA 7 sin A cosg, +3sL” )dA
¥y a v o 'a Q
82
= ;5 (E7-3s cosch(E,]O—qu)) (81)
from eq. (35), (52), (58), (59)
2 b
LZ'IZ(LXK(P,Q)) - % L sinch(LB-B('Ls coschcos?L)LB)d}\
2 i 8
= ;5-51an(E3—3(E8—s cosgg E9)) (82)
from eq. (38), (59), (525,
2 b
L;IZ(LkK(P,Q)) = gé.‘i_ (~sin2@QcosA 35L5 + costLB)dA
52 2
= ;a(—Es sin wQEg + cospg E3) (83)
from eq. (40), (60)
, 52 b 5
LyIa(LXK(P,Q)) = r_Q. L sing, cospy sink-3s L dA
2
= %g sin¢Q cospq 3s B, - (84)

Unfortunately we can not continue in the same manner with the computation of
IS applied on eq. (65) - (84), because the integrals of elliptic integrals can

only be evaluated by numerical integration.
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4. Application of the closed expressions

The simple kernel regarded in section 3 is not the only one

for which the "orbit-integrals" can be expressed analyti-

cally. Reproducing kernels like the one related to the Pois-

son integral formula, K(P,Q) = L3, cf. Krarup (1969, eq. (8))

or linear combinations of such kernels having varying Bjer-
hammar-sphere radii can also be used. This means as mentioned above
that anaiytical expressions can be derived for the covariance func-

tion used in Jordan (1978). It is doubtful whether closed
expressions can be formed for the covariance functions used

in Tscherning and Rapp (1974) or in Tscherning (1876).

. . d, t,.b d,.t,_ b
Mternatively the integrals IC(LX(Ia(LXK(P,Q)))), IC(LX(Ia(LYK(P,Q)))) ete,
can be evaluated using a numerical integration technique. The numerical pro-
perties of the chosen technique can then be checked by applying it on the

simple kernel s « L, for which analytic expressions have been derived.
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