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S urn;. :ry 
I n  t:Ie p a s t  f e w  y e a r s  g e o p o t e n t i a l  c o e f f i c i e n t s  have become a v a i l a b l e  t o  
degree 180. These c o e f f i c i e n t s  can be used t o  c a l c u l a t e  v a r i o u s  g r a v i m e t r i c  
q u a n t i t i e s  such as  h e i g h t  anoma l i es ,  g r a v i t y  anomal ies  and d i s t u r b a n c e s ,  
d e f l e c t i o n s  o f  t h e  v e r t i c a l  e t c .  I n  d o i n g  so s p e c i a l  c a r e  i s  needed t o  
i n s u r e  c o m p u t a t i o n a l  s t a b i l i t y  i n  t h e  g e n e r a t i o n  o f  t h e  a s s o c i a t e d  Legendre 
f u n c t i o n s  and t h e i r  d e r i v a t i v e s .  

T h i s  pape r  d e s c r i b e s  f o u r  d i f f e r e n t  programs t h a t  can be used f o r  s e l e c t e d  
c a l c u l a t i o n s .  A program b y  Rapp and one by Tscherning/Goad a r e  des igned  
t o  compute a  number of d i f f e r e n t  q u a n t i t i e s  a t  one t i m e .  The programs 
b y  R i z o s  and Colombo a r e  des igned  t o  c a l c u l a t e  one q u a n t i t y  on a  g r i d  
wh ich  may be r e g i o n a l  o r  g l o b a l  ( t h e  R izos  program) o r  g l o b a l  o n l y  ( t h e  
Col ombo p r o g r a m ) .  

A s i n g l e  p o i n t  c a l c u l a t i o n  w i t h  f i v e  g r a v i m e t r i c  q u a n t i t i e s  t a k e s  approx-  
i m a t e l y  0 .5  seconds o f  computer  t i m e  w i t h  a  f i e l d  t o  degree 180. The 
c o m p u t a t i o n  o f  a  g l o b a l  1°x l "  g r i d  t a k e s  47 seconds u s i n g  a  180 f i e l d  
and t h e  Colombo program. 

The F o r t r a n  program des igned b y  T s c h e r n i n g  and Goad i s  g i v e n  i n  t h e  ap- 
p e n d i x  o f  t h e  paper .  

1.  I n t r o d u c t i o n  

The c o m p u t a t i o n s  o f  g r a v i m e t r i c  q u a n t i t i e s  f r o m  s p h e r i c a l  harmonic  expan- 

s i o n s  has grown i n  impor tance  w i t h  t h e  development i n  t h e  p a s t  few y e a r s  

of h i g h  deg ree  s p h e r i c a l  harmonic  expans ions  o f  t h e  e a r t h ' s  g r a v i t a t i o n a l  

p o t e n t i a l .  S p e c i f i c a l l y  o f  i n t e r e s t  a r e  t h e  d i s t u r b i n g  p o t e n t i a l  ( T ) ,  

t h e  h e i g h t  anomaly ( c ) ,  t h e  g r a v i t y  anomaly ( a g ) ,  t h e  g r a v i t y  d i s t u r b a n c e  

( a g ) ,  and d e f l e c t i o n s  of t h e  v e r t i c a l  ( 5  , n ) ,  and h i g h e r  d e r i v a t i v e s .  



The e v a l u a t i o n  of  t h e s e  q u a n t i t i e s  now can i n v o l v e  t h e  use of  publ ished 

s p h e r i c a l  harmonic expans ions  t o  degree  180 w i t h  h i g h e r  degree  expans ions  

i n  t h e  rea lm of r e a l i t y .  Because of t h e  l a r g e  number of c o e f f i c i e n t s  

i n  t h e s e  high degree  e x p a n s i o n s ,  i t  i s  impor tan t  t o  seek e f f i c i e n t  a l g o r-  

i thms f o r  e v a l u a t i o n  of t h e  q u a n t i t i e s  o f  i n t e r e s t .  In a d d i t i o n ,  a l g o r i t h m  

f o r m u l a t i o n s  must be chosen t o  a s s u r e  computat ional  s t a b i l i t y .  

The purpose  o f  t h i s  paper  i s  t o  examine s e v e r a l  computer programs i n  terms 

of  t h e i r  b a s i c  t echn ique  and appl  i  cab i  l  i  t y ,  and t o  compare t h e  programs 

i n  terms of  computer t ime f o r  t h e  same computat ional  e f f o r t .  The a l g o r i t h m s  

used h e r e  w i l l  a l s o  be of va lue  i n  o t h e r  d i s c i p l i n e s  such a s  geomagnetism. 

Included w i t h  t h i s  paper i s  a  For t ran  program t h a t  can be used f o r  t h e  

computat ion d e s c r i b e d  i n  t h i s  r e p o r t .  The main program was o r i g i n a l l y  

w r i t t e n  i n  Algol by Tscherning and d e s c r i b e d  i n  Tscherning and Poder (1981) .  

I t  was then t r a n s l a t e d  and implemented i n  For t ran  by Goad. 

2. Fundamental Equat ions  

The b a s i c  e q u a t i o n  f o r  r e p r e s e n t i n g  t h e  e a r t h ' s  e x t e r i o r  harmonic p o t e n t i a l  

V a t  a  p o i n t  whose c o o r d i n a t e s  a r e  r ( g e o c e n t r i c  d i s t a n c e ) ,  Q ( g e o c e n t r i c  

l a t i t u d e ) ,  and A ( l o n g i t u d e )  i s :  

where : kM i s  t h e  g e o c e n t r i c  g r a v i t a t i o n a l  c o n s t a n t ;  
- - 
'nm ' 'nm a r e  t h e  f u l l y  normalized p o t e n t i a l  c o e f f i c i e n t s  

i s  t h e  s c a l i n g  f a c t o r  a s s o c i a t e d  wi th  t h e  
c o e f f i c i e n t s ;  

- 
P n m ( s i n  Q )  a r e  t h e  f u l l y  normalized a s s o c i a t e d  Legendre 

f u n c t i o n s .  

One can d e f i n e  t h e  d i s t u r b i n g  p o t e n t i a l ,  T , by removing from V a  normal 

p o t e n t i a l  impl ied  by an e q u i p o t e n t i a l  r e f e r e n c e  e l l i p s o i d  o r  some d e f i n e d  

s e t  of p o t e n t i a l  c o e f f i c i e n t s .  We have: 



Given v a l u e s  of T t h e  va r i ous  q u a n t i t i e s  of  i n t e r e s t  can be computed. 

For example we have: 

Tk;ese e q u a t i o n s  r e p r e s e n t  sphe r i ca l  approximation i n  some c a s e s ,  o r  com- 

ponents  i n  a r a d i a l  d i r e c t i o n  in  o t h e r  c a s e s .  S p e c i f i c  equa t i ons  f o r  

each of  t h e s e  q u a n t i t i e s  may be found,  f o r  example i n  Rapp (1982) .  

In r e a l i t y  t h e  expansion i n  equa t ion  (1)  i s  not  taken t o  i n f i n i t y  bu t  

t o  some f i n i t e  degree .  I f  t h i s  degree i s  180 t h e r e  w i l l  be 32761 p o t e n t i a l  

c o e f f i c i e n t s  involved in  t h e  c a l c u l a t i o n .  The eva lua t i on  of  (1) o r  any 

of t h e  o t h e r  equa t i ons  can be done under va r i ous  c i rcumstances .  In t he  

fo l l owing  s e c t i o n s  we b r i e f l y  d i s c u s s  pub l i shed  procedures  o r  computer 

programs. 

3. The Rizos Pr0gra.m (SIMDAT) 

Rizos (1979)  de sc r i bed  a computer t echn ique  f o r  the  e v a l u a t i o n  of t h e  

he igh t  o r  g r a v i t y  anomaly from p o t e n t i a l  c o e f f i c i e n t s  f o r  p o i n t s  def ined  

on a two dimensional  even ly  spaced geographic  g r i d .  The o r i g i n a l  program 

used a t  The Ohio S t a t e  U n i v e r s i t y  f o r  th is  type  of c a l c u l a t i o n  was rece ived  

from NASA i n  1978. The program was c a l l e d  SIMDAT. This program was designed 



t o  genera te  values  given a  spec i f i ed  l a t i t u d e  and l ong i t ude  i n t e r v a l  i n  

an a r ea  def ined by l a t i t u d e  and long i tude  l i m i t s .  This a r ea  could be a  

l oca l  region o r  i t  could be t he  whole sphe re .  For each l a t i t u d e  t h e  f u l l y  

normalized a s soc i a t ed  Legendre func t i ons  a r e  eva lua ted  by r e c u r s i v e  f o r -  

mulae t h a t  a r e  descr ibed  in  d e t a i l  by Singh ( 1 9 8 2 ) .  The l ong i t ude  depen- 

den t  computations a r e  f i r s t  s t a r t e d  by the  " r o t a t i o n "  of t h e  p o t e n t i a l  

c o e f f i c i e n t s  so t h a t  they  r e f e r  t o  the  l ong i t ude  o r i g i n  a t  t h e  west edge 

of  t h e  a rea  of i n t e r e s t .  The c a l c u l a t i o n  f o r  a  given anomaly i s  then 

based on s i m p l i f i c a t i o n  in  the  s i n  m x  o r  cos  m x  computation r e s u l t i n g  

from having po in t s  e q u a l l y  spaced in  l ong i t ude .  

4 .  The Colombo Proaram (SSYNTH) 

Colombo (1981) has descr ibed  the  theory  and computer program t h a t  can 

be used f o r  t he  e f f i c i e n t  computation of he igh t  o r  g r a v i t y  anomalies from 

p o t e n t i a l  c o e f f i c i e n t s .  The program of i n t e r e s t  i s  c a l l e d  SSYNTH. This  

program can be modified t o  incorpora te  f u l l y  normalized Legendre f u n c t i o n  

c a l c u l a t i o n s  using a  r e cu r s ive  a lgor i thm desc r i bed  by Colombo and i n  more 

d e t a i l  by Singh (1982) .  The c a l c u l a t i o n  i s  designed f o r  a  global  g r i d  

a t  a  s p e c i f i e d  l a t i t u d e  and long i tude  i n t e r v a l  ( a e O ) .  The o r i g i n a l  SSYNTH 

has been modified s l i g h t l y ,  f o r  t he  t e s t  d e s c r i b e d ,  by t he  i n t r o d u c t i o n  

of t he  (a/r)"erm in  the  d i s t u r b i n g  p o t e n t i a l ,  and severa l  o t h e r  changes.  

The SSYNTH subrou t ine  was designed f o r  t h e  c a l c u l a t i o n  of a r e a  means o r  

p o i n t  va lues .  The l a t t e r  a r e  the  q u a n t i t i e s  of i n t e r e s t  i n  t h i s  d i s c u s s i o n .  

The Legendre func t i ons  a r e  f i r s t  computed f o r  t h e  g r i d  i n t e r v a l  recogniz ing  

t h a t  t he r e  i s  a  g r id  symmetry with r e spec t  t o  t h e  equa tor  so  t h a t  va lues  

a r e  computed f o r  l a t i t u d e s  above t he  equa to r .  Colombo then a p p l i e s  a  

Fas t  Fourier  Transform (FFT) technique t o  compute sums of s e r i e s  a long 

t h e  N (N=180°/ae0) l a t i t u d e  rows. Two l a t i t u d e  rows a r e  formed a t  t he  

same time t o  take advantage of t he  Legendre func t i on  odd o r  even symmetry 

with r e spec t  t o  the  equa tor .  Colombo p o i n t s  ou t  t h a t  usual FFT a r e  most 

e f f i c i e n t  when the  g r i d  i s  such t h a t  N ( t h e  number of i n t e r v a l s  i n  t h e  

g r i d )  i s  an i n t e g e r  power of 2. Since most of ou r  g r i d s  a r e  based on 

360°/ae0 which con t a in s  f a c t o r s  o t h e r  than 2  a  spec i a l  FFT r o u t i n e  known 



as  the mixed radix FFT must be used (Singleton, 1967).  I n  the revised 

version of SSYNTH t h i s  procedure i s  implemented by subroutine FFTCC of 

the IMSL subroutine l ibrary .  

5. The Rapp Program 

This program (Rapp, 1982) i s  designed fo r  the calculation of the f i ve  

quan t i t i e s  l i s t e d  in equation ( 3 )  on a point by point basis and i s  rep- 

resenta t ive  of the many programs that  use s imilar  recursiron procedures. 

The normalized Legendre functions and t he i r  f i r s t  derivatives are generated 

f o r  a spec i f i c  l a t i tude  using the recursive algorithm described by Colombo 

(1981). This subroutine ( L E G F D N )  was checked f o r  s tabi l  i t y  by Colombo 

using double and quadruple precision for  order ( m )  = 350 and degrees ( n )  
from 350 to  400, f o r  2.5" L e - < 90' where e i s  the CO- la t i tude .  This 

subroutine does n o t  compute the f i r s t  derivative a t  the pole. 

This subroutine i s  written such t h a t  the needed functions f o r  a given 

order m and a l l  degrees to the highest maximum degree are  computed in 

one ca l l  to the subroutine. The subrouting i s  repeatedly called f o r  

0 - < m - < N where N i s  the maximum degree being used in the expansion. 

For discussion purposes visualize the associated Legendre functions in 

a lower t r iangular  matrix where the rows correspond to degree n and 

the columns correspond to  order m .  

For a given m , the subroutine f i r s t  

elements corresponding t o  the diagona 

We have : 

cal cu l a t e s  f o r  0 L n L m the diagonal 

1 passing through the n = m locat ion.  

- 
Po0(cos a )  = 1.0 

- 
Pll(cos E )  = m  s i n e .  
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Then the following element i s  computed (with n = the  given m): 

- 7 

,n ( C O S  8 ) = J 2n+3 cose F (cos e ) . n ,n 

Then the following recursive re la t ionship  i s  used t o  ca lcu la te  the remaining 

values of Prim f o r  m+2 - < n - < N :  

n-2,m (cos 8 )  

dP el f o r  n equal For the  der iva t ive  of Fnm we f i r s t  compute 

t o  m using the following equation recurs ive ly :  

After t h i s  value i s  computed f o r  the given m , the  remaining der iva t ives  

f o r  n from m + l  t o  N a re  computed from the following expression: 

The s t a r t  ing value i s :  

This program generates the cos m x  and s i n  m x  terms using recursive re la t ion-  

ships .  B u t  the program does not implement e f f i c i e n c i e s  t h a t  e x i s t  i f  

a  uniform longitude grid were being computed. 

6 .  The Tscherni ng/Goad Program 

We f i r s t  discuss an a l t e rna t ive  form of equation ( 1 ) .  Let us p u t  q = a / r  

and t = s in  Q .  Then (with N the maximum degree of the expansion): 



N 
= 1 F [V; cos m l  + V ;  s i n  mA 

m= 0 l 
where 

i 
I f  t h e  q u a n t i t i e s  Vm a r e  computed f o r  one s e t  o f  va lues  o f  and r 

(and  s u b s e q u e n t l y  s t o r e d ) ,  t hen  i t  i s  p o s s i b l e  t o  compute t h e  v a l u e  o f  . 
V f o r  v a r y i n g  va lues  o f  A ,  b y  s i m p l y  e v a l u a t i n g  t h e  f a c t o r s  cos ( m )  

and s i n  (mx) and t h e n  e v a l u a t i n g  t h e  p r o d u c t  sum ( 1 0 ) .  T h i s  f a c t  i s  used 

i n  t h e  s u b r o u t i n e  GPOTDR g i v e n  i n  t h e  Append ix .  F u r t h e r  c o m p u t a t i o n a l  

s a v i n g s  a r e  p o s s i b l e ,  i f  V i s  e v a l u a t e d  a t  a s e t  o f  e q u i d i s t a n t  p o i n t s  

i n  t h e  i n t e r v a l  from 0" t o  360°, b u t  t h i s  r e q u i r e s  a smal l  change o f  

t h e  s u b r o u t i n e .  

A t  t h i s  p o i n t  we d e s c r i b e  t h e  concept  o f  t h e  Clenshaw summation, (Clenshaw, 

1955) .  Suppose t h a t  we, f o r  a  s e t  of f u n c t i o n s  P n ( x ) ,  n  = m, . . .  ,N o f  

one o r  more v a r i a b l e s  X = (x l ,  X,, . .. X,)  have: 

where a n ( x )  i s  a  f u n c t i o n  depending on X and bn a  c o n s t a n t .  We may 

e x p r e s s  t h i s  i n  m a t r i x  f o r m  as: 



A P  = P O  

where 

The sum S ( x )  of the s e r i e s  

may then be expressed as 

where s i s  a vector with elements sm ,  ..., 
S~ ' 



AT i s  an upper t r iangu 

so lu t ion  vector  S = 

= S 'N+Z N+1 = 0, then 

l a r  matr ix with determinant equal t o  1, so the  

(AT)-ly may be found e a s i l y .  I f  we p u t  

This (equat ion (18)  and ( 1 9 ) )  i s  the  Clenshaw algori thm f o r  the summation 

of s e r i e s  which f u l f i l 1  equat ions (12 )  and ( 1 3 ) .  (The algori thm i s  modified 

s l i g h t l y ,  i f  only equat ion (13)  i s  f u l f i l  l e d ) .  A 1  gorithm f o r  the  computation 

of t he  p a r t i a l  d e r i v a t i v e s  of S ( x )  with respec t  t o  any x i  can be found 

by tak ing  the  d e r i v a t i v e s  of t he  equat ions  (17 )  - ( 1 9 ) .  Also the  d e f i n i t e  

i n t eg ra l  with respec t  t o  any x i  over an i n t e r v a l  [a,b] may be computed, 

i f  t he  i n t e g r a l s  of the  func t ions  P n ( x )  a r e  r e l a t e d  t o  the  values of 

Pn(x )  f o r  x i  = a  and x i  = b in  a  simple manner. 

The advantage of using Clenshaw summation a s  compared t o  the usual method 

of f i n a l l y  eva lua t ing  Pn(x )  and then forming the  s c a l a r  product (yTy) 

i s  of numerical c h a r a c t e r ,  a s  discussed in Clenshaw (1955) and Gerst l  

(1978). The number of opera t ions  ( m u 1  t i p 1  i c a t i o n s  and add i t ions )  a r e  

nea r ly  the  same. 

The numerical advantage c o n s i s t s  in  a  decrease in the  lo s s  of s i g n i f i c a n t  

d i g i t s  during the summation. This i s  caused by the  use of the i d e n t i t y ,  

equation ( 1 3 ) ,  in the  eva lua t ion  of the  sum S ( x ) .  

Using t h i s  algori thm, i t  was poss ib le  t o  eva lua te  the  sum o f  a  spher ica l  

harmonic s e r i e s  with maximal degree and o rde r  180 represent ing the E a r t h ' s  

g r a v i t y  potent ia l  on a  computer using only 10% s i g n i f i c a n t  d i g i t s ,  whereas 

the  method described by Tscherning (1976 a , b )  did not  work. 



When used f o r  a  s p h e r i c a l  harmonic s e r i e s ,  t h e  Clenshaw-summation must 

be done i n  two s t e p s ,  because d i f f e r e n t  r e c u r s i o n  f o r m u l a e  ( c o r r e s p o n d i n g  

t o  e q u a t i o n  ( 1 3 ) )  a r e  v a l i d  f o r  v a r y i n g  degree and v a r y i n g  o r d e r .  Fo r  

d e t a i l s  see T s c h e r n i n g  and Poder (1982, e q u a t i o n  ( 3 0 )  - ( 3 1 b ) ) .  

Fu r the rmore ,  i n  p r a c t i c e  t h e  c o e f f i c i e n t s  Cnm and S,, w i l l  n o t  be 
- - 

g i v e n ,  b u t  t h e  c o r r e s p o n d i n g  f u l l y  n o r m a l i z e d  v a l u e s  C,, , S,, w i l l  
be a v a i l a b l e .  T h i s  makes t h e  c o n s t a n t s  a m ( x )  and bm s l i g h t l y  more com- 

p l i c a t e d ,  because a  number o f  square- roo ts  must  be e v a l u a t e d  as i n  (4)  

t h r o u g h  ( 9 ) .  These square- roo ts  may be e v a l u a t e d  and s t o r e d  once and 

f o r  a l l ,  ( w h i c h  i s  a l s o  supposed t o  have been done b e f o r e  c a l l i n g  t h e  

s u b r o u t i n e  GPOTDR). A  sma l l  f u r t h e r  c o m p u t a t i o n a l  s a v i n g  i s  made b y  

u s i n g  quasi- norma l i z e d  c o e f f i c i e n t s  and a s s o c i a t e d  Legendre f u n c t i o n s :  

(n-m) 1 [m] 

(n+m)! % [m] 

f o r  m=O 

f o r  mfO 

The Clenshaw a l g o r i t h m  may, as ment ioned above, be used f o r  t h e  compu ta t i on  

o f  t h e  p a r t i a l  d e r i v a t i v e s  ( o f  any o r d e r )  o f  t h e  sum o f  t h e  s e r i e s .  D e r i v -  

a t i v e s  w i t h  r e s p e c t  t o  l o n g i t u d e  become u n d e f i n e d  a t  t h e  z - a x i s .  One 

way t o  c i r cumven t  t h i s  prob lem i s  t o  compute t h e  d e r i v a t i v e s  w i t h  r e s p e c t  

t o  t h e  c o o r d i n a t e s  (x,y,z)  o f  a  l o c a l  C a r t e s i a n  c o o r d i n a t e  system h a v i n g  

i t s  o r i g i n  i n  t h e  p o i n t  of e v a l u a t i o n ,  t h e  x - a x i s  p o i n t i n g  N o r t h ,  t h e  y - a x i s  

p o i n t i n g  Eas t  and t h e  z - a x i s  p o i n t i n g i n  t h e  d i r e c t i o n  o f  t h e  r a d i u s - v e c t o r .  

A t  t h e  z - a x i s  t h i s  c o o r d i n a t e  system w i l l  have i t s  axes p a r a l l e l  t o  those  

o f  t h e  o r i g i n a l  c o o r d i n a t e  system. 



In t h i s  coordinate system, the  Clenshaw algorithm i s  eas i ly  modified as  

to  permit the evaluation of any par t i a l  derivation f o r  points a t  the z- ax i s ,  

(except f o r  the point ( 0 , 0 , 0 ) ) .  

The implementation of the primary equations of t h i s  section using the 

re la t ionships  in equation ( 3 )  was or ig ina l ly  done in an Algol program 

described in Tscherning and Poder (1982). Thi S program was t rans la ted 

in to  Fortran a t  the National Geodetic Survey with additional subroutines,  

needed f o r  the actual computations, added. The resu l tan t  program i s  given 

in the Appendix. 

7 .  Timing Tests 

The four  programs described above have been run a t  The Ohio Sta te  Univers i ty ' s  

Amdahl 470 V/8 computer using the Fortran H extended (enhanced) compiler. 

Computations were f i r s t  made t o  make sure tha t  the programs yielded the 

same r e su l t s  f o r  the common quan t i t i e s  being computed. The programs were 

then run under several circumstances to  obtain timing comparisons using 

potential  coeff ic ient  s e t s  complete to  degree 180. The computer times 

to  be quoted exclude the time f o r  inputt ing the potential  coef f i c ien t s  

and removing the reference f i e l d .  

The f i r s t  t e s t  was f o r  a  s e t  of points having d i f fe ren t  l a t i tudes  and 

longitudes. The resu l t s  are  shown in Table 1 .  

Table 1  

Computer Time f o r  Computation of the Quanti t ies Given in 
Equation ( 3 )  a t  One Point 

Program* Time 

0.46 seconds 

0.48 seconds 

*(Timing estimates f o r  the Rizos/Colombo programs are  not included in 
Table 1 ,  because these programs are not sui ted  fo r  single point 
csrnputations). 



In t he  next  t e s t  the  Rapp, and Tscherning/Goad programs were modified 

so t h a t  only the  height  anomaly would be computed. This t e s t  a l s o  involved 

the  Rizos program f o r  ca l cu la t ions  a t  a  given l a t i t u d e  with 360 longi tude 

val ues a t  a  1" i n t e rva l  . The r e s u l t s  a re  given in Table 2 .  

Table 2 

Computer Time f o r  Height Anomaly Computations 
a t  One Latitude and 360 Equidis tant  Longitudes 

Program* Time (seconds)  

R ~ P P  

Ri zos 

Tscherning/Goad 

*(Timing e s t ima te s  f o r  Colombo programarenot  included in  Table 2 because 
t h i s  program i s  not su i t ed  f o r  t h i s  type of computation).  

The next  t e s t  was designed t o  f ind  the  computer time needed t o  ca l cu la t e  

t he  height  anomalies on a  g loba l  1 °x1 0 g r id .  For t h i s  t e s t  the r e s u l t s  

i n  Table 2 f o r  the  Rapp and Tscherning/Goad program were ex t rapola ted  

by m u 1  t i p l y i n g  by 180. The Rizos and Colombo times were determined from 

ac tua l  runs.  The r e s u l t s  a r e  given in  Table 3. 

Table 3 

Computer Time f o r  the Generation 
of a  Global 1 °x1 0 Grid of Height Anomalies 

Program Time (seconds)  

R ~ P P  

Tscherning/Goad 

Rizos 

Col ombo 

*extrap01 a t i o n  



8 .  Discussion of Timina Estimates 

From Table 1 we see t ha t  the Rapp a n d  the Tscherning/Goad programs have 

comparable point t o  point calculat ion times which was expected. 

From Table 2 we see tha t  the Rizos procedure i s  the f a s t e s t  method followed 

by the Tscherning/Goad program followed by the Rapp procedure, a d i s tan t  

l a s t .  The Rapp procedure performs poorly in t h i s  type of t e s t  as no ef-  

f i c i enc i e s  are  taken into  account when the data i s  given on a uniform 

longitude grid.  

For the computation on a global grid the program by Colombo i s  the f a s t e s t  

followed by the Rizos program. 

9. Numerical Examples 

When tes t ing  any computer programs i t  i s  convenient t o  have t e s t  values. 

We give in Table 4 such values (taken from .Rapp (1982)) fo r  f ive  cases 

using three d i f fe ren t  se t s  of potential  coeff ic ients  t o  degree 180. These 

s e t s  a re  those of G E M l O C  (Lerch e t  a l . ,  1981), Rapp (1981), and Rapp (1978). 

The reference f i e ld  was t ha t  associated with the Geodetic Reference System 

1980 (see e .g .  (Rapp, 1982, p .  1 1 ) ) .  The la t i tude  ( + )  given i s  geodetic. 



Table  4 

Sample Computed Val ues 
( r e f e r e n c e  f l a t t e n i n g  = 1/298.257222) 

21" 1" 0 Rapp78 

Rapp81 

G E M l O C  

21" 45" 0 Rapp78 

Rapp81 

G E M l O C  

5" 79" 0 Rapp78 

Rapp81 

GEMlOC 

5" 79" 10000- Rapp78 

Rapp81 

GEMlOC 

87"  21" 0 Rapp78 

Rapp81 

GEMlOC 



10. Summary and C o n c l u s i o n  

T h i s  paper  has d i scussed  f o u r  computer  programs t h a t  can be used f o r  t h e  

c a l c u l a t i o n  o f  g r a v i m e t r i c  q u a n t i t i e s  f r o m  h i g h  degree s p h e r i c a l  harmonic 

expans ions .  The programs o f  Rapp and Tscherning/Goad take  about  t h e  same 

amount o f  computer t i m e  f o r  p o i n t  b y  p o i n t  c a l c u l a t i o n s .  The Tschern ing /  

Goad program has an advantage i n  t h a t  c o d i n g  e x i s t s  f o r  t h e  e v a l u a t i o n  

o f  t h e  second o r d e r  d e r i v a t i v e s  o f  t h e  d i s t u r b i n g  p o t e n t i a l .  

I f  compu ta t i ons  o f  one q u a n t i t y  ( such  as t h e  h e i g h t  o r  g r a v i t y  anomaly) 

a r e  t o  be done i n  a  g r i d  o f  l i m i t e d  geograph ic  e x t e n t  t h e  R izos  program 

i s  most  e f f i c i e n t .  I f  t h e  c a l c u l a t i o n  o f  a l l  p r i m a r y  q u a n t i t i e s  a r e  o f  

i n t e r e s t  i n  such a  g r i d  t h e  Tscherning/Goad program i s  most e f f i c i e n t ,  

s i n c e  t h e  R izos  program may o n l y  compute one q u a n t i t y .  

I f  a j 1 0 b a 1  g r i d  o f  a  s i n g l e  q u a n t i t y  i s  needed t h e  Colombo procedure  

i s  f a s t e s t .  However t h e  R izos  program i s  s t i l l  r e l a t i v e l y  e f f i c i e n t  and 

has t h e  advantage o f  a l s o  b e i n g  used i n  a  l i m i t e d  geograph ic  g r i d .  

A t  t i m e s  i n  t h e  p a s t  some a u t h o r s  have exp ressed  concern about  t h e  e f f i c i e n c y  

o f  u s i n g  h i g h  degree s p h e r i c a l  harmonic expans ions .  The computer programs 

d i s c u s s e d  i n  t h i s  paper  demons t ra te  t h a t  e f f i c i e n t  p rocedures  do e x i s t  

f o r  w o r k i n g  w i t h  such expans ions  when t h e  programs a r e  chosen c o n s i d e r i n g  

t h e  a p p l i c a t i o n . ,  The p r o p e r  c h o i c e s  can be made u s i n g  t h e  r e s u l t s  d i scussed  

i n  t h i s  paper .  
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0 0 0 0 1  C 
0 0 0 0 2  C I1h0iGRAI.! TO ILLiJ!:?'II,,TE THE USE OF SUBROUTINE GPOTDR(CLENSAAW SUMMATION 
CCCO2 C Q!.' A~IOVJ~LOUS POTENTIAL IN Si'HERICAI, IIARWNIC FORM WTTII F I R S T  AND/OR 
COCO4 C !;I,XOt.ID DERIVATIVES I F  DESIHdD) AND THE ASSOClATED SUPPORT ROUTINES. 
0 0 0 0 5  C SUBRCUTINE POT1 I S  THE DRIVER FOR GPOTDR WHICH INITIALLY SETS 
000G6 C THE VALUES OF RAPP'S ( 1 9 7 8 )  180-TIi DEGREE SET OF COEFFICIENTS. 
0 0 0 0 7  C 
Oi;008 C SINCE GEODETIC QUANTITIES WERE DESIRED WIT11 RESPECT TO GRSBO, EVEN 
0 0 0 0 9  C NORYAL Z O N AL  HAR MONI C COEFFICIENTS A R E  SUBTRACTED FROM THE TOTAL 
0 0 3 1 0  C POTENTIAL IN SUBROUTIHE POT1. SINCE THE ANOIIALOUS POTENTIAL 
0 0 0 1 1  C b::D I T S  3 F I R S T  DERIVATIVES ARE DESIRED, IORDER I S  SET TO 1 
0 0 0 1 2  C I N  COI.3.ICI.I POTlCM AKD THUS THIS EXAMPLE DOES NOT EXERCISE THE SECOND- 
0 0 0 1 3  C DERIVATIVE CAPABILITY. 
0 0 0 1 4  C 
0 0 0 1 5  I H P L I C I T  REAL'D (A-H,O-2) 
0 9 3 1 6  l 0  ~EAI)(5,20,END=100)1'HI,DLON,HT 
0 0 0 1 7  2 0  FOHMAT(3D24.16 
6 0 0 :  8 CALL POT1 ( P H I ,  DLON, IIT, Uti, X I ,  ETA,DIST)  
0 @ 0 ?  9 HRITE(6 ,3O)PI l I ,DLON,HT 
C 0 0 2 0  !-iRITE(6,30)UN,DIST,XI, ETA 
0 3 0 2 1  3 0  FORtfAT( l X , b F l 2 . 2 )  
GC022 i 4 R I T E ( 6 , 3 0 )  
0 0 3 2 3  CO K l 0  
G0024 1 0 0  STOP 
0 3 0 2 5  E:: D 
6 0 0 2 6  BLOCK DATA 
0 0 5 2 7  IMPLICIT  REAL'^ (A-II,O-Z) 
0 0 0 2 8  - LOGICAL I N I T  
0 3 0 2 9  LOGICAL F I R S T  
OOOjO IGTEGEFi OLDORD 

RE6L.h C,CO 0 0 0 3  1 
0 0 0 3 2  COVJli2N/CI'OTCM/OLDT, OLDn, 1 2 ,  F I R S T ,  OLDORD, I 1  , 1 2 , 1 3 , 1 4 ,  
0 6 0 3 3  . I 5 , 1 6 , 1 7 , 1 8 ,  I 9  ,Nlll~XSv 
OC03 4 C O I . ~ ~ N / P O T ~ C M / S U ( I ~ ~ O )  , D J N ( 2 0 )  ,GM,FLAT,AE,OMEGA,INIT,IORDER,NMAX, 
0 0 0 3 5  . tIECN 
0 0 0 3 6  COMMON/PIDTR/PI, DTR 
0 0 0 3 7  C(;MI.IOS/TA,IHCti/TOL, M X I T  
0 0 3 3  6 C G I . ~ > ~ O N / C M / C ~ ~ I N , G ~ ( ~ ) , C ~ ( ~ , ~ ) , C M ~ , C M ~ , C M ~  , C O , C ( 3 2 7 6 0 )  
o w j g  DATA 1 z / 0 /  
OOOJIO GATA FIRST/.FALSE./  
0 0 0 4 1  DATA OL.DT/O.DO/, OLDR/O.DO/ 
0 0 0 4 2  DATA OLDORD,Il ,12,13,14,15,16,17,18,19/10~0/ 
0 0 0 4 3  DATA E:MAXSV/G/ 
OOOJ14 DATA DJh'/ZD*O.GO/ 
0 0 3 4 5  DATA I N I T /  .TRUE. / 
0 0 3 4 6  DATA IORDER/ l /  
OOOC7 DATA NMAX/18O/ 
0 C 0 4 8  DATA PI/?,. 1 4 1  5 9 2 6 5 3 5 8 9 7 9 3 D O /  
OCOC9 DATA DTR / . l 7 4 5 3 2 9 2 5 1  9 9 4 3 3 0 D - l /  
G0050 DATA fOL/ l .D-14/ ,MAXIT/ lO/  
0035:  EllD 
CC052 FUNCTICN G P O T D R ( P O , I U ' M X , O R D E R , S U )  
0 0 0 5 3  C 
0 3 0 5 4  C 

0 0 0 5 5  C G 1  REG.NO. 8 1 0 1 3  AUTHOR -C.C.TSCIIERNING, DANISH GEODETIC INSTITUTE 
0 0 0 5 6  C JULY 1 9 8 1  I N  ALGOL REF. ( 2 )  
OOC57 C -C.C.GOAD, NOAA/NOS/NATIONAL GEODETIC SURVEY 
0 0 0 5 8  C HAY 1 9 8 2  TRANSLATED TO FORTRAN 
0 0 0 5 9  C 
0 0 0 6 0  C REFERENCD: 
0 0 0 6 1  C ( 1 )  TSCIIERNING, C.C.:ON TllE CHAIN-RULE METHOD FOR COMPUTING 
0 0 0 6 2  C POTENTIAL DERIVATIVES. MANUSCRIPTA GEODAETICA, VOL. l ,  
0 0 0 6 3  C PP. 1 2 5 - 1 4 1  l 9 7 6  
0 0 0 6 4  C 
0 0 0 6 5  C ( 2 )  TSCHERNING, C.C. ,  AND PODER, K. : SOME APPLICATIONS OF CLENSHAW 
0 0 0 6 6  C SUMMATION, PRESENTED AT V 1 1 1  SYMPOSIUM ON MATHEMATICAL GEODESY, 
0 0 0 6 7  C COMO, ITALY, SEPT 7-9, 1 9 8 1  
0 0 0 6 8  C 
0 0 0 6 9  C THE PROCEDURE COMPUTES THE VALUE AND UP TO TllE SECOND-ORDER 
0 0 0 7 0  C DERIVATIVES OF THE POTENTIAL OF THE EARTH (W) OR OF I T S  
0 0 0 7  1 C CORRESPONDING ANOMALOUS POTENTIAL(T1. 
0 0 0 7 2  C 
0 0 0 7 3  C THE POTENTIAL I S  REPRESENTED BY A S E R I E S  OF SOLID SPHERICAL 
0 0 0 7 4  C HARHONICS, WITH UN-NORMALIZED OR QUASI-NORMLIZED COEFFICIENTS. 
0 0 0 7 5  C THE CHAIN-RULE I S  USED ALONG WITH THE CLWSHAW ALGORITHM. 
0 0 0 7 6  C THE ARRAY C MUST HOLD THE COEFFICIENTS C (  1 )  =C( 1 , O )  , C (  2 )  =C ( 1 , 1 ) ,  
0 0 0 7 7  C C ( 3 ) = S ( 1 , 1 ) ,  ETC. UP TO C ( ( N + 1 ) ' * 2 - l = S ( N , N ) .  C ( 0 , O )  IS STORED I N  CO 
0 0 0 7 8  C WHICH IMPLICITLY ACTS AS C ( 0 )  (SEE THE C O M N  B L O a  CH). 
0 0 0 7 9  C 
0 0 0 8 0  C 
0 0 0 8 1  C PARANETERS: 
0 0 0 8 2  C 
0 0 0 8 3  C ( A )  INPUT VALUES: 
0 0 0 8 4  C 
0 0 0 8 5  C NHAX 
0 0 0 8 6  C THE ABSOLUTE VALUE OF NWX I S  EQUAL TO THE MAXIMAL DEGREE AND 
0 0 0 8 7  C ORDER OF THE SERIES.  NEGATIVE NMAX INDICATES ?HAT THE C O E F F I C I E N ~  
0 0 0 8 8  C ARE QUASI-NORMALIZED. 
0 0 0 8 9  C 
0 0 0 9 0  C ORDER 
0 0 0 9 1  C ORDER OF DERIVATIVES 
0 0 0 9 2  C 0 FOR POTENTIAL ONLY 
0 0 0 9 3  C 1 FOR POTENTIAL AND F I R J T  DERJ1!ATIVES 
000Y4 C 2 FOR POTENTIAL, F I R S T  DERIVATIVES, AND SECOND DERIVATIVES 
0 0 0 9 5  C 
0 0 0 9 6  C PO 
0 0 0 9 7  C ARRAY HOLDING POSITION INFORMATION. W ( 6 )  
0 0 0 9 8  C p O ( l ) = P ,  THE DISTANCE FROM THE Z (ROTATION) AXIS, 
0 0 0 9 9  C PO( 2)=R,  THE DISTANCE FROM THE ORIGIN,  
0 0 1 0 0  C P O ( 3 )  , W ( 4 )  COS AND S I N  OF THE GEOCENTRIC POLAR ANGLE(COLATITUDE), 
0 0 1  01 C P O ( 5 )  , W ( 6 )  SIN AND COS OF THE LONGITUDE. 
0 0 1 0 2  C 
0 0 1 0 3  C C 
0 0 1 0 4  C C ( ( A B S ( N M X ) + l ) * * Z - 1 )  ARRAY OF C ' S  AND S ' S  DESCRIBED ABOVE 
0 0 1  0 5  C CM3=GM 
0 0 1 0 6  C CH2=A THE SEHI-MAJOR AXIS OF THE REFERENCE ELLIPSOID 
0 0 1 0 7  C CMleTHE ANGULAR VELOCITY (=O,WHEN DEALINO WITH T) 
0 0 1 0 8  C CO=l .DO FOR W AND =O.DO FOR T 



00109 C 
00110 C 
001 1 1  C ROOT(K)mSQl?T(R), o.LE.K.LE.~(ABS(N)+~ 1-1 WHEN N W X .  LT.0 
00112 C 
00113 C 
00114 C (B) RETURN VALUES: 
03115 C 
00i 16 C G1 AND G2 
00117 C THE RESULT IS STORED IN G1 AND G2 AS FOLLOWS: 
00118 C 
OOll9C Gl(l)=DW/DX, GI(~)=DW/DY, G1(3)=DW/DZ 
00120C G2(1,1)=DDW/DXX, G2(1,2)=G2(2,1)=DDW/DXDY, 
00121 C G2( l,3)=G2(3,l) =DDW/DXDZ, G2(2,2) =DDW/DYY, 
00122 C G2(2,3)=G2(3,2)=DD!J/DYDZ AND G2(3,3):DDW/DZZ 
00123 C WHERE W MAY BE INTERCHANGED WITH T AND 
00124 C VARIABLES X, Y, Z ARE THE CARTESIAN COORDINATES 
00125 C IN A LOCAL (FIXED) FRIZME WITH ORIGIN IN THE POINT 
001 26 C OF EVALUATION, X POSITIVE NORTH, Y POSITIVE EAST, 
00127 C AND Z POSITIVE IN THE DIRECTION OF THE RADIUS 
00128 C VECTOR, (CF. REF. (1) ,EQ (4) AND (5)). 
00129 C THE VALUES OF W OR T WILL BE RETURNED IK GPOTDR. 
00130 C 
00i31 C (C) PASSED AND RETURNED VALUES: 
00132 C 
00133 C SJ 
00134 C ARRAY OF DIMENSION K*(N+l), WHERE K-2 FOR NO DERIVATIVES, 
00135 C 26 FOR 0-TH AND FIRST DERIVATIVES, -10 FOR 0-TH, FIRST AND 
00136 C SECOND DERIVATIVES. HERE ARE STORED THE PARTIAL SUM. CF. 
00137 C REF.!?), EQ. ( 2 9 1 ,  OF P(N,M)4(A/R)4r(N+1-M)/P(H,M)4(C(N,H) OR 
00138 C S(N,M)) FROM N=M TO N-N, AND TH9 DERIVATIVES OF THESE SUM. 
00139 C THIS MAKES IT 'JNKECESSARY TO RECALCULATE THESE QUANTITIES, IF 
00140 C THE PflOCEDURE IS CALLED SUBSEQUENTLY WITH THE SAME VALUE OF T 
00141 C AND R, AND THE SAME ORDER. 
00142 C 
001 43 IMPLICIT RELLC8 (A-H, G-Z) 
001 44 INTEGER CAPN, CRDER , CAPN21, OLDORD 
G01 45 LOGICAL QUASI,DERIV1,DERIVZ,WLE 
001 46 LOGICAL FIRST,NEW,OLD,NPOLE 
001 47 REAL44 C,CO 
001 48 REAL'8 M21 ,M21T,M21U,H21UO 
001 49 DINENSIOtl SML(181) ,CML( 181) ,S~~~1(182) ,CMLP1(182) ,P0(6) 
001 50 DINENSION Si( 181 0) 
001 51 COMMON/SQROOT/DZERO, ROOT( 362) 
001 52 COMMON/GPOTCM/OLDT,OLDR,IZ,FIRST,OLDORD,I1,I2,I3,I4, 
00 153 . 15,16,17,18, I9 ,NMAXSV 
00154 COMM01~/CM/C20IN,G1(3) ,G2(3,3) ,CM3,CM2,CMl ,CO,C(32760) 
001 55 EQUIVALENCE(SML( l),SMLp1(2)) ,(CML(l),CHLP1(2)) 
001 56 IF(NMAXSV.NE.NWX)FIRST=.FALSE. 
00157 NMAXSV- NMAX 
001 58 IF(F1RST)CO TO 100 
C0159 FIRST- .TRUE. 
00160 OLDT=2.DO 
00161 J=IABS(NMAX) 
001 6 2 I=J+l 

00163 I1 =I+1 
001 6 4 12~11 +I 
00165 I3 =I2+I 
00166 I4 =I3+I 
00167 I5 =I4+I 
00168 I6 =I5+I 
00169 I7 =I6+I 
00170 18=17+I 
00171 I9 =I8+I 
00172 100 CAPN=NHnX 
00173 C DISTANCE FROM ROTATION AXIS 
00174 P=PO( 1) 
00175 C DISTANCE FROM ORIGIN 
00176 R=PO( 2) 
00177 C COSINE OF COLATITUDE 
00178 T-PO(3) 
00179 C SINE OF COLATITUDE 
001 eo U=PO( 4) 
00181 C SINE OF LONGITUDE 
001 02 SL-PO(5) . 
001 83 C COSINE OF LONGITUDE 
001 84 CL-PO(6) 
001 85 T2 =T+T 
001 86 POLE=DABS( U). LE. 1 .D-9 
001 87 NEW=DABS(OLDR-R).GT.l.D-3 .OR. DABS(0LM-T).CT.l.D-9 .OR. 
001 88 . 0LDORD.NE.ORDER .OR. POLE 
001 89 OLD=.NDT.NE\J 
001 90 NPOLE-. NOT. POLE 
001 91 IF(0LD)CO TO 200 
001 92 OLDR-R 
001 93 OLDT-T 
001 94 OLDORD=ORDER 
001 95 200 QUASI= .FALSE. 
001 96 IF(CAPN. LT. O)QUASI= .TRUE. 
001 97 IF(QUASI)CAPN=-CAPN 
00198 C COMPUTE AE/R 
001 99 S=CM2/R 
00200 S2=S"2 
00201 CMLP1( 1)=1 .DO 
00202 C cML(O)=l.DO 
00203 SMLPl( l)=O.DO 
00204 C SHL(O)=O.DO 
00205 DER IV l =.FALSE. 
00206 IF(ORDER.GT.0)DERIVl =.TRUE. 
00207 DERIV2z.FALSE. 
00208 IF(ORDER.GT.1) DERIVZ=.TRUE. 
00209 C 
00210 C SHL(M) AND CWL(H) ARE THE SINE AND COSINE OF H'LONOITUDE 
00211 C 
0021 2 SHL( l)=SL 
0021 3 cm( 11.n 
00214 C 
0021 5 H1 .l 
0021 6 DO 300 Ua2,CAPN 














